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Abstract. The notion of movability for metrizable compacts was 
introduced by K.Borsuk [1]. In this paper we define the notion of 
movable category and prove that the movability of a topological 
space X coincides with the movability of a suitable category, which 
is generated by the topological space X (i.e., the category W x , de- 
fined by S.Mardesic [9]). 
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The notion of movability was introduced, for metrizable compacts, 
by K. Borsuk [1]. For the more general cases this notion was extended 
by S. Mardesic and J. Segal [10], J. Segal [12], P. Shostak [13]. In the 
equivariant theory of shape this notion was studied in the works of the 
author of present article [4, 5, 6, 7, 8] and of Z. Cerin [3]. 

It is necessary to note that in the works mentioned above the mov- 
ability of topological space was defined by means of the neighborhood 
of given space (closed embedded in certain Airspace) or by means of 
inverse spectrums, depending on the approach to shape theory used. 
However, the categorical approach to shape theory of S. Mardesic [9] 
lacks a suitable categorical definition of movability. 

In this article we define the notion of movable category and prove 
that the movability of topological space is equivalent to the movability 
of certain corresponding category. 

Let K be an arbitrary category and K' any subcategory of category 
K. 



Definition 1. We say that subcategory K' is movable in category K, 
if for any object X G ob(K') there exists an object Y G ob(K') and a 
morphism / G K'(X, Y) such that for any object Z G ob(K') and any 
morphism g G K'(Z, X) there is a morphism h G K(Y, Z) which make 
the following diagram commutative 
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Definition 2. We say that a category is movable if it is movable in 
itself. 



Definition 3 ([2]). It said that K is category with zero-morphisms if 
for any pair (A, B) of objects from category K there exist morphisms 
Ob a '■ A — > B which for all morphisms v : B — > C and u : D — > A, 
where C and D any objects of the category K, satisfy the following 
equalities 

vo B A = o C A, o B au = o B d- 



Definition 4 ([2]). Object O £ ob(K) is called initial if for any object 
X £ ob(K) the set Motk{0,X) consists of single morphism. 



Theorem 1. Any category K with zero-morphisms is movable. 

Proof. Let X £ ob(K) be an arbitrary object. It appears that for an 
unknown object (see definition |IJ) we may take any object Y £ ob(K) 
and for morphism / £ K(Y, X) it is necessary to take a zero-morphism 
oxy '■ Y ^ X . Indeed, let g £ K(Z,X) be an arbitrary morphism. It 
is clear that zero-morphism ozy '■ Y — > Z is the morphism we seek, 
that is gozY = oxy, which follows from the definition |3|. □ 

Theorem 2. Any category K with initial objects is movable. 

Proof. Let X £ ob(K) be any object. Let's consider the initial object O 
of category K. We denote by ux the single morphism from the object 
O to the object X. Now it is not difficult to note that the object O 
and the morphism Ux '■ O — > X are unknowns. Indeed: let Y £ ob(K) 
be any object and g : Y — > X be any morphism of category K. It 
is clear that the single morphism iiy : O — > Y satisfies a condition 
ux = g ° uy ■ □ 

In the categorical approach to the shape theory of S. Mardesic [9] 
One associates to each topological space X some category W x , whose 
objects are homotopy classes / : X — > Q and whose morphisms are the 
following comutative triangles 
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where Q, Q' are AN R-sp&ces. 

Theorem 3. The topological space X is movable if and only if the 
category W x is movable. 

This theorem is a simple reformulation of the following theorem. 

Theorem 4. The topological space X is movable if and only if the 
following condition is satisfied: 

(*) For any ^iVi^-space Q and any homotopy class / : X — > Q there 
exist an ^4iV.R-space Q' and homotopy classes /' : X — > Q' and 7] : 
Q' — > Q, satisfying / = r\ o such that for any yliVf?-space Q" and 
homotopy classes /" : X — > Q" and rj : Q" — > Q, satisfying the 
condition / = rj' o f", there exist a homotopy class rj" : Q' — > Q" which 
satisfies the condition r] — r( o 77" (diagram 1). 




Proof. Let condition (*) be satisfied. We must prove that X is mov- 
able. Let's consider spectrum {X a ,p aa /, A} which is associated with 
the topological space X. Let a & A be any element and p a : X — > X a 
be the natural projection (diagram 2). For the map p a : X — > X a let 
Q' be an AA^i?-space, and f : X —> Q' and i] : Q' —> X a be homotopy 
classes satsifying the condition r]o f = p a (their existence follows from 
the condition (*)). 

Since assX = , there exists a E A, a ^ a and /' : 

Xa — > Q' such that 

(1) f' = f'°P«. 
It is not difficult to verify that 

(2) p a a O p & 



V /'°Pa- 
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Indeed: 

V° /' °Pa = V° f = Pa=Paa° Pa- 

From the equality (0) and the definition of " association" we infer the 
existence of an index a' G A, a' ^ a for which 

(3) p aa o p &a , = 7] o /' o p &a , . 

The obtained index a' G A satisfies the condition of association of 
the spectrum {X a ,p aa /,A} with the topological space X. Indeed, let 
a" G A, a" ^ a be any element. For the maps p aa " : X a n — > X a and 
p a " : X — > X a it (with the condition p a = p aa n o p a „) there exist a map 
rj" : Q' — > X a n , which satisfies to the equality 

(4) T) = p aa n o rj". 

(see the condition (*) ). Now it is easy to see that the map g = 
rj" o f o p aa , is the map we seek, i. e. the next condition is satisfied: 

(5) p aa > = p aa " O g. 

Indeed: 

Paa' = Paa ° Paa' = V O f> O p aa ' = Paa" ° v" ° /' ° Paa' = Paa" ° 5 1 - 




Diagram 2. 



Now we must prove the converse. Let X be movable topological space 
and {X a ,p aa i,A} some associated with X inverse spectrum. Let's 
prove that the condition (*) is satisfied. To this end, consider any 
homotopy class / : X — ► Q (diagram 3). From the association of the 
spectrum {X a ,p aa >, A} with the space X it follows that there exist an 
index a G A and homotopy class f a '■ X a —>■ Q such that 



(6) 



/ = f a op a . 
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For the index a G A let's consider an index a' G A, a' ^ a, which sat- 
isfies the condition of movability of the spectrum {X a ,p aa i , A}. From 
© we get 

(7) / = f a °Paa> °Pa>- 

Now let's prove that ANR-spa.ce X a >, homotopy classes p a : X — > 
X a i and f a o p aa , : X a i — > Q satisfy the condition (*). Indeed, let Q" 
be any AiV.R-space, f" : X — > Q" and 77' : Q" —> Q homotopy classes, 
which satisfy the condition 

(8) f = rfof. 

For the homotopy class /" : X — > Q" there exist an index a" G A, 
a" ^ a and homotopy class /" : X a rr — > Q" that 

(9) f" = f"°P«». 
It is clear that 

fa Paa" Pa" = V' ° f" ° Pa" ■ 

Therefore, according to the definition of association, we can fined an 
index a'" G A, a 1 " ^ a" such that 

(10) f a O p aa „ O Pa"a"' = V' /" Pa"a">- 

By the movability of spectrum {X a ,p aa r, A} we can select the ho- 
motopy class g : X a > — > X a >" with the condition 

(11) Paa> = Paa" Pa" a'" 9- 

Let's define rj" = f" o p a n a rn o (7. It is remains to note that the 
homotopy class rj" : X a > — > Q" satisfies the condition 

(12) f a op aa , = rj o 77". 




Diagram 3. 
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Indeed: 

rf o -q" = rfo f" o p a „ a „, o g = f a o p aa „ o Va „ a ,n o g = f a o . 

□ 

Remark 1. The condition (*) of the theorem 4 one can consider as a 
definition of movability of topological space. 
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